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Abstract-Several small strain. large deformation plate theories are developed via an asymptotic
e:otpansion of the stresses. strains and displacements in a Hu-Washizu variational principle. Both
the governing equations and the natural boundary conditions are obtained. The governing two­
dimensional plate equations can be obtained from the nonlinear equations governing an elastic
three-dimensional continuum. The boundary conditions cannot be obtained e:otcept through the use
of variational methods. Of special interest are Kirchhoff-type moment boundary conditions. and
in-plane boundary conditions similar to those obtained in thin shell theory.

INTRODUCTION

Large deformation small strain plate theories can be derived from the general kinematics
and cquilihrium equations of nonlinear c1'lsticity. Pcrturhation methods (Simmonds and
Mann. 1986: van Dyke. 1975) can be used to simplify the general equations hy separating
the dominant terms from those of lesser importance. For a thin plate. the three-dimensional
nonlinear elasticity equations can be integr'lled through the plate's thickness to ohtain sets
of two-dimension'll eqll<ltions as in Berg and Johnson (1989) and Berg (1988). While
the technique of simplifying known general three-dimensional equations via perturhation
methods and 4lsymptotic integmtion is very powerful. it docs not lead to a systematic
mcthod of ohtaining houndary conditions associated with the suhsequcnt two-dimensional
cqu'ltions.

The most convenient W41Y ofderiving boundary conditions associated with two-dimen­
sional plate equations is through the usc of variational methods. Of particular interest
in this investigation arc the boundary conditions associated with an inextensible large
deformation plate theory.

Inextensible deformations ofshullow clastic shells have been studied by Reissner (1961)
using a variationul formulation. His work is restricted to tlnite deformations und shallow
shells. A second paper by Reissner (1962) also uses a variational formulation to study more
general shells. including incxtensible shells. but is restricted to small deformations. Ashwell
(1963) presents the equilibrium equations of a fictitious edge beam as boundary layer
equations for large deformation of very thin plates. Ashwell assumes there arc three force
and three couple components in the edge beam. By various scaling arguments. he shows
that two moment components arc ncgligible. but still retains four unknowns. It is not dear
from Ashwell's dcvelopment that the number of boundary layer equations can be further
reduced. Asymptotic expansions are used in the work of Coutris and Monavon (1988). but
transverse displacements arc restricted to be of the order of the plate's thickness. In-plane
displacements arc further restricted to be much smaller than the plate's thickness.

This investigation details the derivation of governing equations and houndary con­
ditions appropriate for the lowest order thin plate theory described in Berg and Johnson
(1989) and Berg (1988). Conditions similar to the Kirchhoff boundary conditions of ordi­
nary plate theory are obtained. As in the Kirchhoff transverse shear boundary condition.
a combination of moment derivatives. transverse shears. in-plane normal stress resultants
and applied tractions arc required to vanish on a free surface. A large deformation extension
of the von Karman plate equations is also derived. Three examples demonstrating the type
of problem the different theories govern are also presented.
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VARIATIONAL FORMULATION

Consider the functional associated with a Hu-Washizu three-field variational principle
for nonlinear elasticity

- ~. (II, -Ii, )t, dA - ~. 1I,i, dA - f II,P, dA (I)
J(~J-o... Jl~~O' r ~o,.

where ordinary Cartesian tensor notation is used. E is the Green strain tensor. S is the
Piola-Kirchhoff stress tensor of the second kind. and u is the displacement vector. W(E) is
the strain energy function and a circumflex indicates a prescribed field either throughout
the plate's interior. VI). or on its boundary. CVI). The body force per unit undeformed
volume is f. Assume the reference configuration for the plate is a rectangular parallelepiped.

h h
- - ~ Xl ~ .:! . 2

The boundary of VI) is composed of three disjoint sets: the faces (Xl = ±M:!) where
tractions Pi are prescribed. the edges where tractions t~ are prescribed. and the edges where
displacements ui are prescribed.

Define the scaling parameter e as

It
I: = L «J. I, = O(L). I,. = O(L). It = O(I:L)

then It. the plate's thickness. is much smaller than a typical lateral dimension. Greek indices
will take on thc valucs I and 2. while Latin indices will take on the values I. :! and .l
Summation will be assumed over repeated Latin or Greek indices. The material coordinates
arc rescaled as follows:

X,=L~" X)=I;L(l. ~,=O(I)

tJ I a I
~X L~' = L ( ),

(, 1 (,c; 1

cJ I cJ I
--. = -_. = - ( ),.

ax) £L2~) I:L .

Next. assume the displacements II, and Ii, have the following asymptotic expansions:

II;" = O( I ). u;" = O( I). ttl = 0, I. 2•... (2)

The superscript on e is an exponent, but the superscript on the displacement functions
merely identifies the function with a particular ordering. This will be true of all series
expansions in powers of e. In (2), the displacements have been assumed to be arbitrarily
large to within a rigid body translation. Rigid rotations have not been excluded by the
assumed scaling (2). A prescribed displacement on iWou is assumed to be the same order as
a displacement in the interior. This is a necessary requirement if the displacement is to be
continuous throughout the closure of VI).
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The stresses and loads will be scaled by the load parameter t and will be assumed to
have the following asymptotic expansions:

S,j =t(Sj~+eSi~+e2S,;+",)

I: = t(/,,? +e~1 +£2;; + )

Pi = r(p,o+ep/ +e2p?+ )

/; =EU? +f;f/ +e~',2 + )

Sij = 0(1). ii" = 0(1). pr =0(1). f," =0(1). m = 0.1.2.... (3)

The asymptotic series expansion for the surface tractions must start at the order indicated
so the stresses are continuous throughout the closure of VI)' Very large surface tractions
cannot be reconciled with very small interior stresses. and still have the interior stresses
appropriately continuous.

Finally. the key assumption is made: the strains are small.

E'(i = O( I). m = I. 2. 3.... (4)

Note that ull strain components arc scaled the same. In particular. the tmnsvcrse shear
struins arc ussumed initially to be of the same order us the in-plane strains and the transverse
normul strain. This is a very importunt point: the displacements or stmins arc not required
[0 satisfy any p.trticul.tr relationships. other than magnitude scalings.

The first vuriation of n in (I) is rcquired to vunish. Consider the first v.triution of the
struin energy tcrm

(5)

The partial derivatives in (5) will. in geneml. depend on E. and consequently on ull of the
strain functions defined in (4). Next, we must assume that these partial derivatives can be
written

~E·~ = r(O,~+en,~+· .. ). Oij =0(1). m =0.1,2, ...
t. IJ

(6)

Clearly. this form can be used for linear elasticity if the elastic modulus is an order larger
than the load scale. The nonlinear elastic consitutive relations in Johnson and Urbanik
(1984) are also of this form.

The variation of n can be written as an asymptotic series in ascending powers of s
using (2)-(6):

t5n = e -1t5n -1 +c5n° +slt5n I+e2c5n 2+ '" =0

c5nm = O(tLl), m = -1.0, I, ... (7)

If (1) is satisfied approximately by taking only the first few terms in the sum. the result
will be "near" the stationary point of n. The deviation from the exact stationary point will
be small. and will decrease (perhaps only up to a certain point) as more terms are included
in the asymptotic series. Since (7) is a power series in e. each individual term in the sum
must vanish.

Consider the lowest order approximation to the stationary point
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.
'[1- I I r I '5° ° I) S° I)' I) I L) d: d: d: - 0<> =r:<> ))U,.J Ur.1+ 1J Ur.3<>U,.J'! "'1 .. : .. J-

ei ~ II

(8)

which in turn implies

(9)

pointwise in J'I). Since the term in braces is a sum of three squares. each term in the sum
must vanish independently

This can be integrated to give

11;)1 = O. (10)

(II)

so the lowest order displacements are constant through the thickness.
The second term in (8) vanishes identically as a result of (10). It is interesting to note

that i5[1 1 gives us no information aoout stresses in the interior. Further. there arc no
natural boundary conditions. equilibrium equations or constitutive equations. The Eukr
Lagrange equation (10) is in elTect a strain-displacement relation.

Equations (10) or (II) arc the simplest small strain plate theory. To obtain a higher
order theory. consider the next term in (7):

II " - f. f I l·1 II II l'O ( , I ) 0 5.0 ()' II) II 1 1.1 d : I: d:- 1~"III1,.\I1,.\+')'1 (),I+II,.I 11,..1+ .1 (,,+11,.• U"I'!' '-,1 ( .. ~ '-,J

I"

( 12)

Taking variations. integrating by parts. and collecting terms results in

, 0I 5·1) ( . 0) 1)11 (). 1 ) - .I)} - 0()II, I ,) <>,,+11,.• +. II (,.1+ 11,.) +P, -

(13 )

(14)

( 15)

Note the results of (13) arc the same as those of (9). It is a characteristic of this method
that all previous plate theories occur at any given order. The new results from (5[111 arc (14)
and (15). The ± designation in (15) indicates a surface whose undeformed outward normal
is in the positive or negative coordinate direction. respectively,

When (14) is integrated with boundary conditions (15). a condition on the pressures
is obtained:

( 16)

This implies that. in order to have a consistent theory. the loads must be "self-equilibrating",
Because we arc interested in more general loadings. in particular. nonself-equilibrating
loads. we take

P:' == o. ( 17)

With this. a relation between transverse shear stresses and transverse normal stresses can
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be obtained in the form of an equilibrium equation from (14) and (15). Discussion of this
relation will be postponed until it appears again in the next order theory.

LOWEST ORDER NONTRIVIAL PLATE THEORY

The next order theory will involve in-plane stresses. but will not have constitutive
relations. It is. in essence. an inextensible membrane theory.

n I = f OS5JU,I\U:~J +S;J(Jd +uiJ)tI'~J + ~S~JWjd +tli~J)(biJ +tli~J)- I)
Vu

lS()«x 0)(>: 0) .~) j,'OILJd:d:d:+: ~P v'2+ 11.., ViP+Ui.P -V.P - ill, jf ~l ~2 ~J

(18)

This form is more specific about the clement of area for the prescribed traction and
displacement integrals. The subscript t is to be treated as a constant. not a free index. It
specilies the direction tangent to the coordinate tine. Later. a subscript n will be used to
indicate the direction normal to the area clement. The subscripts t and n arc the only
exceptions to the index convention. They arc never to be summed. and will .tlways appear
in parentheses.

Once again. we can take variations. integrate by parts .toO sort out the terms. The
kinematic equations in Vn at this order arc (10) and

( 19)

(20)

(21 )

Equations (21) arc the inextensibility conditions. Because the displacements have power
series expansions in /:, there is also a power series expansion for the deformation gradient.
Equations (19), (20) and (21) imply that the lowest order approximation to the deformation
gradient is orthogonal. From (19) and (20) it can be shown (Berg and Johnson, 1989) that
the variation of 11/ through the thickness is lincar in ej,

(22)

which is somewh.ll analogous to (II) in that it defines two new functions which depend
only on in-plane coordinates.

The lowest order equilibrium equations at this order are the same as those from (14)
and (15). Making use of (19) and (20) will simplify the relation between transverse shear
and transverse normal stresses. in particular

(23)

where (17) has been used. The remaining equilibrium equations in the interior are
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and the natural boundary conditions on the faces are

(25)

where (II) and (22) have been used. At this point, it is necessary to integrate through the
plate's thickness and introduce the stress resultants N, M and L:

f'' .)'
Lm = - S,... (~J - d:

" "'" ("J,.. I : -
m = 0, 1,2....

(26)

The moment resultants M and L will be used later. The equilibrium equations (24) take the
form

The body force and surface tractions have been combined into a single load variable

f
l:

~.nr _ .,":: ·m+ I 'O", I- I _..,
,,- ./, d"l+p, I~,~I:+P, I~,~ I~' 11I-0,1._, ...

I:

(27)

(28)

It is interesting to note that surface tractions on the faces of the plate arc indistinguishable
from averaged body forces in this theory. This is usually assumed to be true in membrane
theories, but is never rigorously justilied. The natural boundary conditions arc

(29)

With (20) and (21), (29) can be rewritten

N!;/I/I = «(5,/) + Ui',dfl,o = in-plane component of n:)

o= (e5,] + iii )fI,o = transverse component of n? (30)

where in-plane and transverse mean tangent to the deformed plate and normal to the
deformed plate, respectively. The fact that the tran~;versecomponent of the applied traction
in the deformed configuration is zero is not a restriction on the way the loads may be
applied. Rather, it is a statement that the plate deforms in such a way that at the edges, the
midsurface has rotated so that it is in the plane of the applied loads. Keep in mind that the
kngth scak assumption prohibits loads which change significantly over distances shorter
than O( L). Lastly. the forced boundary conditions on edges where displacements arc
prescribed arc

Uo - .()
, - ii, (31)

This means that, in order to have a consistent theory, only a membrane-type displacement
condition may be prescribed. Only the displacement on the midsurface may be specified.

Because the equilibrium equation only involves in-plane components, and the boundary
conditions only allow in-plane components, this theory is truly a membrane theory. This
theory is statically determinate. [t is a special case of membrane shell theory for developable
shells.

While the preceding plate theories arc of some interest in their own right, they do not
exhibit all the qualities normally associated with a plate theory. The next theory to be
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presented includes constitutive equations, strain-displacement relations, and both in-plane
and moment stress resultants. Further, nonzero transverse shear stresses will playa role.
The variational principle for this theory is

n:: f' ' SO rlJ 1S3 0 0 S2 (~ I 0=1stram energy term - 'J Lif + 2 33UU UU + 33 vi3 +Uu)Uu
... J 0

+ S~3(!«c5'3 + u,'3)(c5iJ + Ui3) - 1)+ U,73U'~3)+Sg3«c5i3 + Ui~3)tI':3 + Ul3U;~3)

+ S;J (c5,. + tI,~»Ii~J + S~J « c5;. + tI.~.)(<5i3 + 1i'~3) + Ui.tli~J)

+ !S~p«c5i' + U,~.)(<5iP +u2p) - c5.p)+ s~/M;. +U2,)Ui~p

j 'j I j'l Il) L'd)' d" d" i '( 0 -0)' (' ")0\ L 3d" d"- , Ii, - • Iii ,. r . .. , .;:: .; J - \ Iii - tI; 1; + Ii; - U. I, j r . ';(1) .; J
c1Vo.,

(32)

We have not been too specific about the "strain energy term" because we do not know
how to write it down directly, We do, however, know its variation from (5) and (6). If the
v,:riation of (32) is set equal to zero. and integrated by parts. the governing equations and
boundary conditions of this theory are obtained.

The kinematic e4uations of this theory arc (10). (19). (20) and (21) and the strain­
displacement e4uations

E\, = «(5,) + ii,l )Ii.:1

2E~, = (c512 + U::.)u,7J + (e5r) + Ii,' )Ui. + ~ J(e5r.1 + Ii,' )Iii.

E~" = (e5,. + U::.)Ui" + ~ 3(c5,. + U::.)lii" = e~" + ~ jl\~"

(33)

(34)

(35)

where the notation has been simplified by making an implied symmetry assumption on the
strain tensor as well as using (II) and (22). In (35), in-plane membrane strains and bending
strains have also been identified.

The constitutive equations from the variation of (32) put limits on the form the strain
energy function can assume. The transverse normal and transverse shear terms are

(36)

(37)

where (17) and (23) have been used. The in-plane terms are

(38a)

(38b)

Additional higher order terms could be defined. if required. Thus the loading assumption
and strain scaling affect the form the constitutive equations may take. The equilibrium
equations and natural boundary conditions of this theory are
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(5~Ii(J'/i+ U2p) + 5~,(J" + u,')+ 5;dU,'P )., + (5~ ,(J,j + U,' )+ 5;,( (i" + V,",)

+5',11,',+5;111,',).,+/,' = 0 in I'll (40)

With (41). (39) can be integrated through the thickness to get (27) as the lowest order
membrane equilibrium equation at this orda. With (42), (40) can be integrated to give

(43)

A moment equilibrium equation can be obtained by multiplying (39) by ~, and integrating
through the thickness:

where. once again. the body force and surface traction have been combined.

(44)

f'·'v'" .= : J'''' d: + ~/jm ... I I ... _ ~ -", -- I I_ :...
II 10,\ I ~, ... I .. \-= I _ ..PI";,,,,, I, ...

I :
m = 0.1.2.... (45)

Equations (27). (43) and (44) an: written in terms of components in the reference (unde­
formed) configuration. Since the lowest order deformation gradient is orthogonal. the
equilihrium equations can easily he written in terms of components referred to the (I~)west

order approximation to the) deformed hasis. The three equations in (27) become

The three equations in (44) become

M~"I,/j + ,~," (Ii" + U;\) = IV; I

J/:',J";/I + ,V\ \ = t«,,, + ii,')

and the three equations in (43) become

(4())

(47)

N~/III + N':\";'I + M;:;.. ;. "~il + A/~;"i~1i + «N;:; U,',d,; + i')(i" + U:~,) = 0

N; " - N~'I"~'I - J/~'II"~ 1\;; + «;\'~ C,"I ).; + ,'," )(ei, \ + ii,lI) = O. (4X)

In applications. these convected forms of the equilibrium equations are sometimes easier
to use than the forms given earlier. Equations (30) were also written in terms of the
convected basis.

The natural boundary conditions associated with this theory are (30) and

(4<))

where (30) has been used.t This type of boundary condition is obtained in ordinary shell
theory where the curvatures are specified and the reference configuration is not necessarily
flat (Niordson. 19X5).

t There is an error in eljuation (S.:!) in Berg and Johnson (19S91 where the factor of:! should not he present.
as in (-19),
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In (49). only the in-plane force boundary condition is given. There are also two moment
boundary conditions which could be obtained directly from the variation of (32). but this
will not result in Kirchhoff-type conditions. In finite deformation plate theory (von Karman
theory). the transverse shear condition is derived from an energy (minimum) principle.
rather than a stationary principle. To obtain Kirchhoff-type transverse shear conditions in
the large deformation nonlinear theory. it is necessary to substitute the known kinematics
into the Hu-Washizu variational principle. In effect. this converts the Hu-Washizu principle
to a principle with constaints (strain-<iisplacement relations) imposed on the fields. The
resulting principle does not apparently have a name associated with it. but is listed as Type
VI by Oden and Reddy (1976):

n: f fSO(' VO)VI J:SO(-, UO)-I }-o1 /'1 01 L~d= d= d=VI = 'l./I Oi. + i.. i./1 +.. J .6 v,. + i.• lI,./1 - i lI, - i U, i r l,. 1 .. : l,. ~
JOn

(SO)

When variations of (SO) are taken. some care must be used in order that only independent
variations of independent functions are taken. From (19). (20) and (21). it can be shown
by direct substitution that there are relations between t',o nnd Ii,' :

«)o + Ii,') = f;". (15,1 + U;~ I)(I\: + V~l.:)

«)I! + U:i) = ';". «),: + {~:: )(1)0 + lil)

«),: + U,~:) = f.lld(),1 +ti,!)(I)k I + U~.I)' (5 I)

These follow from the definition of the convected base vectors. Assume c, arc a set of
orthonormal b.lse vectors aligned with the coordinate axes in the reference configuration.
These base vectors will be mapped into a set of convel:ted basc vectors h,. Since the lowest
order deformation gradient is orthogonal. the lowest order approximation to the convected
hase vectors is the orthonormal set h,", The two sets of orthonormal base vectors are related
as follows:

C, = (15,>: + U2.)h~+ (J tJ + Ii,' )h l
:

h~ = (15.. + U2.)c,

h~ = (15'3 + iii )c,. (52)

Because the convected base vectors (at the lowest approximation) are orthonormal. any
one can be written in terms of the other two via the cross product. It is these cross product
relations that arc shown in (51). n~1 can be written in terms of only two independent
displacement functions using (51):

n: - f f S·n ( . Un )U 1 • SO (.~ V'" ( ( .~ L,n (. nil)
VI - \ ./1 fJ 12 + '.' 1./f+~l.11 V.. + ,.• ) f."k 1',,+ "I) J.~+l.Ik.: ),/1

~ ·0

- (V,I + ~ .\(,';.(<>1 I + UJ~d«5u + U2,~».r;o - U~;;I }rL l
d~ I d~: d~,\

-I f(Vi + (1£'lk(Jn + U/~,)(J.2 + V:1
•2»1;1 + V,o ~' }rL3d~(t1 de3' (53)

f"tVfU

Note that. unlike n:. the new principle n~, involves two derivatives of the displacements.
When the variation of this principle is integrated by parts. there will be derivatives of both
displacement variations and stresses in the boundary integral terms. Additionally. the higher
order derivatives in the principle lead to conditions on the twist moment at the corner.
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When the first variation of (53) is integrated by parts. and terms are collected. the following
natural boundary conditions are obtained:

(54)

(55)

These are moment boundary conditions analogous to the Kirchhoff natural boundary
conditions of ordinary linear plate theory. Finally. there is a corner condition:

(56)

Clearly. we should have anticipated that there could have been a concentrated corner force.
and included it in the potential energy. The variational principle can be modified to include
this term:

(57)

A VON KARMAN-TYPE THEORY

The next term in the variational principle sum can be written in a straightforward way.
The resulting strain -displacement equations arc (10). (19)-(22). (33) -(35) and

The constitutive equations are (36)-(38) and

n,~ = S,j

(5g)

(59)

(60)

(61 )

where, once again, (17) and (23) are used. For simplicity, the material is assumed to be
linear elastic from this point onward. The linear elastic material assumption. along with
(23), gives

(62)

and further implies that £~J is a linear combination of £l I and £~1' With this. analogous
to (II) and (22), the ~ J variation of u? is known:

(63)

Using (63), the eJ dependence in £;/1 can be stated explicitly:
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The equilibrium equations associated with theory are (27). (43). (44) and

1411

(64)

which is an in-plane equilibrium equation.

(M;3(013 +ii/)+ M~fJ(OiJJ+ U~JJ)+M~JJU;~JJ+ L~ttii;~fJ).2 - Ni3(OjJ +u;I)-N;J(O;2 + U~2)

-Nhiil-Mbul-N~JUi2-M~Jii;~2+jl = 0 (66)

which is a first moment equation obtained from (40). and

(67)

which is a second moment equation obtained from (25), where

(68)

N'ltural boundary conditions also follow directly from the vari<ltional principle. Each
successive theory will involve higher order moments of the stresses. and associated higher
order kinematics. Presum<lbly, additional higher order theories could be derived.

It is str<lightforward to show that this theory is a generalization of the von Karman
theory by deriving it as a special casco To obtain the von Karman equations. a new strain
scaling is needed to replace (4). The appropriate strain scaling is

which implies

(!i~ = Io:;~ =O.

(69)

(70)

If the curvatures vanish to lowest order. the plate must remain nearly flat and can only
undergo. to lowest order, rigid body rotation and translation. Assume the boundary con­
ditions prohibit rigid rotation and translation. and consequently take

which. using (5 t). implies

These. along with t!;~ =0 give

U? =0

iii = O.

U~.JJ+ UJ.2 = 0

(71 )

(72)

(73)

where the symmetry implied in (35) has been written explicitly. Equation (73) can be
integrated to give
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c~ = 0 (7'+)

where. once again. the boundary conditions are assumed to prohibit any rigid body motion.
Equations (33) and (3.+). along with (20). give

(75)

with which (64) can be written

l\;fJ = - U\ .•/l

(76)

(77)

(78)

Novozhilov (1953) derived a theory similar to this. but was forced to make the ad ho('
assumption that (78) was true. It is now clear that (78) proceeds naturally from the strain
scalings. Equations (76) and (77) are the kinematics assumed in the von Karman theory.
It is now possible to see precisely under what conditions those assumptions arc valid.

The constitutive equations (38) will imply that

which in turn. using the equilihrium equation (27). gives

i'," = o.

(79)

(80)

This places an additional restrictIOn on the loads that can he applied. The remallllng
equilihrium equations become

and

N,~.• +i',' = 0 (8 I)

(82)

These equilibrium equations. along with (76) and (77). form the basic equations of the von
Karman theory. Equations (65) and (66) for higher order stress resultants are not required
in order to have a consistent theory. A final point worth noting is that it is indeed consistent
to keep (82h when calculating. for example. the maximum principle stress. as in a simple
failure theory.

EXAMPLES

To further demonstrate the nature of these theories. several examples will be presented.
The first is an example of the lowest order nontrivial theory whose governing equations arc
(21) and (27). Let the plate occupy the following domain

-rrR ~ X, ~ rrR = rrL.

and take the loads to be
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'i.~ = sin el. 'i'~ = O. 'i'~ = -cos ~I

with the natural boundary conditions

(83)

n~ = cos ~ ,. ng = O. on XI = ±rr.R. (84)

By substituting into (11) and (17). it can be shown that

N~ I = I. Nei z = N~z = 0

U~=-,;,+sin,;" ug=O. U~=I-cos';l (85)

is a solution to (21) and (27) satisfying the boundary condition (30). This is a case of a very
long flat plate rolled into a cylinder with radius R. The internal pressure is

p = J p,p, = (I + O(e»rr,J;'?'i,~n = (I +O(e»)rr..

Note that the internal stresses are O( I) while the applied pressures arc 0(/:). If

defines the mean stress fT. then (R5) and (1'6) give

R
fT = (I + O(r.»)1' II

(86)

(87)

(XX)

whieh is exactly the elementary strength of materials result. with an estimate of the error.
As a second example using the same theory consider lifting a very large thin rectangular

plate by one corner using a concentrated force at the corner, with gravity acting normal to
the undeforrned plate. Since the plate is very large. and for suitable loads. only the region
near the corner where the loads are applied will be bent. The remainder will remain flat.
presumably lying on a flat surface. If the X,- and Xz-axis arc along two free edges of the
large nat plate occupying the tirst quadrant in the Xl-X! plane and the concentrated load
applied at the origin is

Q
PC1- -(CI +C,). J2 - (89)

the deformation will be symmetric in XI and X z. It is not difficult to show that the
displacement gradients must be

U~.l = U~.z = U~.l = U~.! = !,il = - W -cos 0)

-I I.
U~.I = [J)~~ = -Ii: = -1/2 = - ); SIO 0 (90)

where O(X" X!) is the rotation a given generator has undergone. These arc easy to derive
using the finite rotation vector representation of the deformation gradient as in Berg (1988).
The weight per unit area of the plate will be y and will act in the minus Xrdirection. The
curvature components can be shown to be



L. 1. BERG

(91 )

and since the curvature tensor must be symmetric,

8= 8(s) = 8e l ~t).
'\i -

so

cO
8'=­

("S
(92)

(93)

If a t-axis is defined in the direction perpendicular to the s-axis, the new curvature com­
ponents are

/\t~ = /\}, = /\/, = o. /\" = 0'. (94)

The equilibrium equations can be easily integrated subject to the condition that the
plate is stress-free on XI = 0 and X 2 = O. This results in an equation for O(s)

sO" cos 8-0' cos 8+2s(0')2 sin 0 = 0 (95)

which is singular at the corner of the plate. s = O. It is perhaps possible to solve (95) directly,
but it is more straightforward to consider the net total in-plane (horizontal) force in the
deformed plate

f
' II cos 2 11(.1')

1/(.1') = cos II N u (.I'. t) dt = - 2'\r' , .
-x II (.1')

(96)

It is easy to show that (95) implies that the horizontal force is indepemknt 01'.1'. SUOjCl;( (ll

the conditions that the curvature and N:1
, do not vanish. The horizontal force is known

from (S9)

H(.I') = Q

so (96) can be integrated to give

{
P- r.l'2}0(.1') = tan- I_

Q
. (98)

With this, in practice. all the stresses and deflections can be found. Note that when.l' = ,,/ Pi',
0(.1') must vanish. This is the point where the vertical concentrated force balances the weight
of the bent corner of the plate. At the point where D(s) vanishes, the horizontal load docs
not vanish. and is presumed to be balanced by friction forces between the very large unbent
part of the plate and its supporting surface. This is a two-dimensional analog of the problem
of lifting a string otT a fhlt surface by a concentrated force at its end.

As a final example. consider the special case of the theory derived from (32) when
112 = O. This problem was solved by Johnson (1985) where he shows that under this plate­
strain condition. (19}-(2 J) are satisfied by

I+U~.1 =cosO(~d. Uti =sinll(~I)

u: = -sinO(~d. 1+,/.: =cosO(~d (99)

where the variable 8 is not the same as was used in the previous examples. We will also
assume that all deformation and stress variables are independent of ~ 2' From (99) the
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curvature can be calculated. then substituted into (46)

1415

(100)

which says either the lowest order normal stress vanishes. or the plate remains flat. Assume
the former is true. By combining the in-plane equations from (43). and integrating. the
transverse shear is

(101)

where aland a~ are constants. Compressive axial dead loads are to be applied to the plate's
edges. so

where P is the dimensionless axial load per unit length. Equation (55) then gives

Nl) lend = P sin e.

With this. the moment equilibrium equation (47). along with (101), gives

M?,., = Psin e.

Finally. for a linear elastic material

M~I = -DO.•

and (104) becomes

0. 1 I + ~ sin 0 = 0

(102)

(103)

(104)

(105)

(106)

which is the equation of the elastica.
It is interesting to note that the elastica is a special case of a theory with the strain

scaling (4). To arrive at the von Karman equations. the more restrictive strain scaling (69)
is required. Simmonds (1979) comments that "it is a well-known deficiency of the von
Karman equations that they do not contain as a special case the equations of the elastica".
It is not so much a defect. but rather inappropriate to expect the von Karman equations
to govern the elastica. To arrive at the von Karman equations. the assumption which
neglects motions akin to those of the elastica is made. This assumption is subtly included
in the von Karman equations' assumed strain-displacement relation. This demonstrates
the real power of the asymptotic integration method. The assumptions serve to enlighten
rather than to obscure.

DISCUSSION

It is possible to derive the governing equations of the various theories presented by
simply studying the equations of three-dimensional nonlinear elasticity. The advantages of
using the variational formulation are that the natural boundary conditions are also derived,
and that there is a natural ordering to the importance of the theories. When starting with
the governing differential equations. it is not always clear precisely whic·h equations are
required in any given theory. When working with the variational principle, on the other
hand. the grouping of equations into theories occurs quite naturally. For example. it is not
initially obvious that it is completely consistent to have a theory with stresses but not have
any constitutive equations or strains. On the other hand. membrane shell theories are
derived by making just these assumptions. This highlights the importance of this method.

c; 's ~7"'11-r.
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One is able to derive the equations governing the theory based on a reasonable geometric
scaling assumption and an assumption on the material behavior. The limitation to small
strains is not too restrictive since most engineering materials except elastomers cannot
undergo elastic strains of any appreciable magnitude.

Aside from the two assumptions discussed above. there is an additional implicit
assumption on the material behavior. By not introducing an additional material scaling
parameter. materials which are very strongly anisotropic. such as unidirectional fiber
reinforced composites which have very large variations in stiffness with direction. are not
allowed. This does not eliminate all anisotropic materials. A good example of an anisotropic
material for which the theory is entirely valid is paper. which has a modest variation of
stiffness with direction (Johnson and Urbanik. 1984).

The functional in (I) is written using the second Piola-Kirchhotf stress and Green
strain. It is possible to derive the same basic equations using the first Piola-Kirchhoff stress
and the deformation gradient as conjugate variables. The strain scaling must then be
introduced indirectly. but this presents no fundamental problem. In order to define force
and moment resultants analogous to those used in shell theories. it is necessary to introduce
sec(lfld Piola-KirchhofT stresses in the resulting equations. Since the scaled strains appear
dircl'tly in the formulation based on (I). it seems more natural to use (I). rather than a
functional using the deformation gradient as the strain measure.

In plate and shell theory it is common to invoke the Kirchholf or Kirchhotf·Love
hypothesis. This provides a set ofconstraints on the allowable kinematics. In the preceding
development. there was no assumption made regarding any partinllar form the kinematics
must take. Rather. constraint conditions were derived as part of the analysis. This is a new
katun: of this type of theory. Koiter (I %()) hegins with the assumption that the plate is in
a state (If plan~ str~ss. and uses constitutive eqllations to argue that the shear strains arc
negligihle. This is also the approach taken hy Berg and Johnson (19X9). The th~ories

presented here are plane stress. hut only as a result or the assumption (17) on the functional
form th~ loads may assume. Further. restrictions on the constitutive equations arc derived
as a result of strain a IIII !o;ld seatings. and not assumed II priori. It is not necessary to
assume the plate will have Kin.:hholr-type kincmatil's. or to assume that the plate is in a
state or plane stress. In essence. a complicated assumption on the plate's deformation has
heen replaced hy som~ simple ones on the allowahle strains anu detlection~. It is cert.linly
preferable to make an assumption whidl can be verified uircctly. rath..:r than one which can
he verilkd only indirectly.

One linal point which neeus further discussion is the ract that the two nontrivial theories
presented both include eqns (19). (20) and (21). Theseequations provide constraints between
the lowest order ueformations anu the lowest oruer slopes. II' a finite clement solution of
the nontrivial large uetlection theories is to be attempted. the constraints will need to be
satisfied either with Lagrange multipliers (stresses). or with penalties (stiffnesses). In either
Glse. a single eh:ment will, in general. have to incorporate up to six nonlinear constraints
(Berg. 19HX).

The governing equations and houndary conditions in this investigation an: baseu on
uniform scalings in both in-plane directions. This gives rise to a theory which is valiu in the
interior of the plate. Near thc edges of the plate. however. the need for a more gen..:ral
length scaling normal to the edge is anticipateu. This more general asymptotic expansion
of the governing equations gives rise to a bOllnuary layer on the edges of the plate similar
to that derived by Fung anu Wittrick (1955). This boundary layer satisfies the function
Ashwell and Reissner seems to have had in mind for their edge beams. Further discussion
of the boundary layer wilt appear in a future paper.
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